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CN ■ Abstract 

Qh< This article is the final one of a series of articles (cf. [19, 18]) on certain 

\ blocks of modular representations of finite groups of Lie type and the asse- 

ts. 1 ciated geometry. We prove the conjecture of Broue on derived equivalences 

induced by the complex of cohomology of Deligne-Lusztig varieties in the 
f-H ! case of Coxeter elements whenever the defining characteristic is good. We 

also prove a conjecture of HiB, Liibeck and Malle on the Brauer trees of the 
en corresponding blocks. As a consequence, we determine the Brauer trees (in 

particular, the decomposition matrix) of the principal ^ -block of Ej(q) when 
e | Oi 8 (g) and 58(g) when £ | Oi 8 (g) or ( \ <t> 30 (q). 



Introduction 

This article is the final one of a series of articles on certain blocks of modular 



representations of finite groups of Lie type and the associated geometry. This 
series gives the first instance of use of the mod-^ cohomology of Deligne-Lusztig 
varieties to determine new decomposition matrices of principal blocks for finite 
groups of Lie type. 

In the first two articles [19, 18], the first author studied the integral ^-adic 
cohomology of Deligne-Lusztig varieties associated with Coxeter elements. For 
suitable primes £, Broue [5] has conjectured that the complex of cohomology 
provides a solution to his abelian defect group conjecture for the principal block. 
On the other hand, HiB, Liibeck and Malle have conjectured that the Brauer 
tree of the block can be recovered from the rational ^-adic cohomology, endowed 
with the action of the Frobenius [29]. In [19, 18], the relation between these 
conjectures was studied, and B roue's conjecture was shown to hold for Coxeter 
elements, with the some possible exceptions of types and-Es- These are also 
the cases for which the conjecture of HiB, Liibeck and Malle was still open. We 
give here a general proof of that conjecture and, as a consequence of [19, 18], of 
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Broue's conjecture. The new ingredient is the study of the complex of cohomol- 
ogy, and the corresponding functor, in suitable stable categories. This requires 
proving first some finiteness properties for the complex, when viewed as a com- 
plex of ^-permutation modules with an action of the Frobenius endomorphism. A 
key input from [19, 18] is the property of the mod-£ cohomology associated with 
certain "minimal" eigenvalues of Frobenius to be concentrated in one degree. As 
a consequence, we determine the Brauer trees for the finite reductive groups of 
type E'j and for primes dividing the cyclotomic polynomial associated with 
the Coxeter number. We also obtain the previously unknown planar embeddings 
for the trees associated with the groups of type 2 F^ and F4. From [19, 18], we 
deduce that Broue's conjecture holds in the case of Coxeter elements whenever 
p is a good prime. Note that David Craven has recently proposed a conjecture 
for the Brauer trees of all unipotent blocks of finite groups of Lie type, together 
with a conjecture for the perversity function associated with the equivalences 
predicted by Broue [11, 12]. 

Let us describe in detail the structure of this article. In the first section, we 
start with an analysis of good algebras, i.e., algebras for which every bounded 
complex with finite-dimensional cohomology is quasi-isomorphic to a complex 
with finite-dimensional components. Given a group, its group algebra is good 
over arbitrary finite fields if and only if the group is good, i.e., the cohomology 
of the group and its profinite completion agree for any finite module. Consider 
a group Y with a finite normal subgroup H such that Y/H is good and let k 
be a finite field. We show that a complex of £Y-modules whose restrictions to 
kH is perfect is quasi-isomorphic to a bounded complex of £Y-modules whose 
restrictions to kH are finitely generated and projective. We apply this to the 
complex of cohomology of an algebraic variety X acted on by a monoid Y + acting 
by invertible transformations of the etale site, where Y is the group associated 
with Y + . Let £ be a prime invertible on X. We show that the complex of mod-^ 
cohomology of X can be represented by a bounded complex of finite Y-modules 
which are direct summands of permutation modules for H (building on [33, 34]). 
This is motivated by the geometric form of Broue's abelian defect conjecture: 
given G a finite group of Lie type and B a block with abelian defect group D, 
there should exist a Deligne-Lusztig variety X acted on by H - G x Cq{D)° vv < 
Y + , where Y/H is a braid group associated with a complex reflection group, and 
such that the complex of mod-£ cohomology of X provides a derived equivalence 
between the principal blocks of G and Nq(D), the action of which arises from 
Y/G. The results of the first section apply, at least when the complex reflection 
group does not have exceptional irreducible components of dimension > 3, as the 
corresponding braid group is good. 

In the second section, we consider a reductive connected algebraic group G 
endowed with an endomorphism F a power of which is a Frobenius endomor- 
phism. We study the complex of cohomology of the Deligne-Lusztig variety as- 
sociated with a parabolic subgroup with an F-stable Levi complement L. Under 
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the assumption that the Sylow ^-subgroups of G F are cyclic, and that L is the 
centraliser of one of them, we study the generalised eigenspaces of the Frobe- 
nius on the complex of cohomology (in the derived equivalence situation, they 
correspond to the images of the simple modules for Nq(D)). We determine their 
class in the stable category of G F . 

The third section is devoted to mod-^ representations of G F = G{f q ), where 
G is simple and the multiplicative order of q modulo £ is the Coxeter number 
of (G,F) (with a suitable modification for Ree and Suzuki groups). We show 
that the knowledge of the stable equivalence induced by the Coxeter Deligne- 
Lusztig variety, together with the vanishing results of [18], determine Green's 
walk around the Brauer tree of the principal block, as predicted by HiB-Lubeck- 
Malle [29]. We also show how to determine the Brauer trees of the non-principal 
blocks. Finally, we draw the new Brauer trees for the types 2 F±, F4, E7 and Es. 

1 Finiteness of complexes of chains 
1.1 Good algebras 

1.1.1 Locally finite modules. Let k be a field. Given B a ^-algebra, we denote 
by 5-Mod the category of left fi-modules, by 5-mod the category of 5-modules 
that are finite-dimensional over k and by fi-locfin the category of locally finite B- 
modules, i.e., fi-modules which are union of fi-submodules in B-mod. These are 
Serre subcategories of B-Mod. We denote by .B-Proj (resp. fi-prqj) the category 
of projective (resp. finitely generated projective) 5-modules. 

Given C an additive category, we denote by Comp(C) its category of complexes 
and by Comp 6 (C) its subcategory of bounded complexes. We denote by Ho(C) the 
homotopy category of complexes of C. 

Assume now C is an abelian category. Let C e Comp(C) and let n £ Z. We put 

x< n C = ► C n ~ 2 — C n ~ x — kercP — 

and T> n C = — cokercP" 1 — C n+1 — C n+1 — • • • . 

The derived category of C will be denoted by D{C). Given I a subcategory of 
C, we denote by -Dj(C) the full subcategory of D(C) of complexes with cohomology 
in 1. We put Ho(5) = HoCB-Mod) and D(B) = D(B-Mod). Recall that an object of 
D(B) is perfect if it is isomorphic to an object of Comp 6 CB-proj). We refer to [30, 
§8.1] for basic definitions and properties of unbounded derived categories. 

Lemma 1.1. The category Z)(5-locfin) is a triangulated category closed under 
direct sums and it is generated by .B-mod as such. 

Proof. The category fi-locfin is closed under direct sums, hence CompCB-locfin) is 
closed under direct sums. It follows that Z)(5-locfin) is closed under direct sums 
and the canonical functor CompCB-locfin) — ► Z)(5-locfin) commutes with direct 
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sums [1, Lemma 1.5]. Let C e CompCB-locfin). We have hocolim^ooT^C) - C, 
i.e., there is a distinguished triangle 

0T< n (C) — 0T<„(C) — C . 

If C is right bounded, then hocolim^-ooCr^C ^ C, where cr> n C = — ► C n — 
C n+1 — ► • • • is the subcomplex of C obtained by stupid truncation. It follows 
that B-locfin generates .DCB-locfin) as a triangulated category closed under direct 
sums. 

Since hocolim n ^_ 00 cr>„C - M, we deduce that M is is in the smallest tri- 
angulated subcategory of Z)CB-locfin) closed under direct sums and containing 
B-mod, and the lemma follows. □ 

Lemma 1.2. The canonical functor D b (B-mod) — ► D b B mod CB-locfin) is an equiv- 
alence. 

Proof. Let C e Comp 6 (fi-locfin) with & = for i > 0, iP(C) = for i ± and 
H°(C) e B-mod. Since C° is locally finite, we deduce there is a fi-submodule D 
of C° which is finite-dimensional over k and such that D° + d _1 (C _1 ) = C°. We 
define now D~ l c C~ l by induction on i for i > 1. We let Z) _I be a fi-submodule of 
C _I that is finite-dimensional over k and such that d~ l (D~ l ) = d~ l (C~ l )r\D~ l+1 . 
This defines a subcomplex DofC such that D <— >■ C is a quasi-isomorphism. 

We deduce that given M e B-mod and iV e D b (B -mod), the canonical map 
Hom D b( B _ mo( ft(M, N) — ► Hom D 6 (B . locfln) (M, N) is an isomorphism. Since D b (B-mod) 
is generated by B -mod as a triangulated category, we deduce that the functor of 
the lemma is fully faithful. It is then an equivalence, since .B-mod also generates 
the triangulated category B b B mod CB-locfin). □ 

Lemma 1.3. The following assertions are equivalent: 

(1) the canonical functor D b (B-mod) — ► D B moA (B -Mod) is an equivalence 

(2) the canonical functor D b (B-mod) — ► D B mod (B -Mod) is essentially surjec- 
tive. 

(3) given M,N e B-mod and given n > 1, the canonical map 
Ext B-mod iM > N) — * Ext B-Mod (M ' N) is bijective. 

(4) given M,N e .B-mod and given n > 2, the canonical map 
Ext£. mod (M, AO — ► Ext B MoA (M,N) is surjective. 

Proof. The implication (3)^(1) follows from the fact that D b (B-mod) is gener- 
ated by B -mod as a triangulated category. 

The implication (4)^>(3) is proven as in [35, Exercice 1(a) p. 13] by induction 
on n (the case n = 1 holds with no assumption). Let f e Extg^ od (M,A r ): it is 
represented by a long exact sequence 

— iV — iVi — ► iV„+i — ► M — ► 

of objects of .B-mod. We have a commutative diagram with exact rows 
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Ex ^. mod (M, ATx) — Ext». mod (M, AW) — Ext^ od (M, N) — Ext^CM,^) 



Ex t£W M ^i) — Ext^. Mod (M, Ni/N) — Ext£i d (M, AT) — Ext^ od (M, iVi) 

The image of/" in Ext^^ od (M,A/"i) vanishes. We deduce that f is the image of 
a map g e Ext^ _ moA (M,Ni/N). If /" ^ 0, then g ^ and, by induction, the image 
of g in Ext^, _ Mod (M,Ni/N) is not zero. By chasing on the commutative diagram 
above, we deduce that the image of/" in Ext^^ od (M,A^) is not zero. 

Let us assume now (2). Let n > 2, let / £ Hom D & (B _ Mod) (M,iVTft.]) and let C 
be the cone of f. It is the image of an object D of D b (B-mod) and there is a 
distinguished triangle if~ n (Z))[?i] — ► D — ► H~ 1 (D)[1] This triangle defines 
a map M = H~ 1 (D) — ► N[n] = H- n (D)[n] lifting f. This shows (4). Note finally 
that (1)^(2) is trivial. □ 

We say that B is good if it satisfies any of the equivalent assertions of Lemma 

1.3. 

Lemma 1.4. Let A be a subalgebra of a k-algebra B making B into a finitely 
generated projective A-module. Then A is good if and only ifB is good. 

Proof Under the assumption of the lemma, the pair (F,G) = (Ind5,Res5) is an 
adjoint pair of functors which are exact and preserve finite-dimensionality. Fur- 
thermore, the canonical map FG — ► Id is onto. 

Let M e fi-mod. There is a surjective map f : FG(M) — ► M. The kernel of 
f is a quotient of FG(kerf). Iterating this construction, we obtain a complex of 
fi-modules C = ■ ■■ — ► C -1 — ► C° — ► with a morphism C — ► M that is a quasi- 
isomorphism and such that C l is in F(A-mod). From Lemma 1.1 we deduce that 
F(A-mod) generates Z)(5-locfin) as a triangulated category closed under direct 
sums. 

Given i > and V e A-mod, we have a commutative square 
E< mod (W),M) — Ext^. mod (y,G(M)) 



and we deduce that B is good whenever A is. The other implication is proven 
in the same way, by exchanging the role of A and B and by taking (F, G) = 
(Res$,CoInd$). □ 

Lemma 1.5. Assume k is perfect and let A,B be k-algebras. If A and B are good, 
then A®kB is good. 

Proof. The lemma follows from the Kunneth Formula and the fact that D b ((A ®& 
B)-mod) is generated by A-mod ® B-mod as a triangulated category, as finite 
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dimensional simple (A ®& 5)-modules are of the form V ®& W, where V (resp. W) 
is a finite dimensional A-module (resp. fi-module). □ 

1.1.2 Relative homotopy categories. Let A be a subalgebra of a ^-algebra 
B. We denote by Ho(.B,A) the quotient of the triangulated category HoCB) by 
the thick subcategory of complexes C such that Res^ C = in Ho(A). We have 
quotient functors HoCB) — ► HoCB, A) — ► D(B). Taking for example A = B or k 
gives HoCB,5) = HoCB) and Ho(B,£) = D(B). 

Recall that a complex C of A-modules is homotopically projective if 
HomHo(A)(C' ,D) = given D any acyclic complex of A-modules. The following 
lemma is classical when A = k [30, Theorem 8.1.1]. 

Lemma 1.6. Assume B is a projective A-module. Let T be the full subcategory 
of HoCB, A) of complexes C such that Res^C is homotopically projective. The 
quotient functor induces an equivalence T ^* D(B), whose inverse is a left adjoint 
to the quotient functor HoCB, A) — *D(B). 

Proof. Let C be a homotopically projective complex of 5-modules and D be an 
acyclic complex of A-modules. Since B is projective as an A-module, the complex 
CoInd^.D = Hom^CB,!)) is acyclic. Consequently we have HomH (A)(Res^C,Z>) 
HomH (B)(C,CoInd^Z)) = 0. It follows that Res^C is homotopically projective. 

Let now C e T. Consider a homotopically projective resolution of C, i.e., a 
morphism of complexes f : C — ► C where C is a homotopically projective com- 
plex and f is a quasi-isomorphism. Since Res^ C and Res a C are homotopically 
projective, we deduce that Res^f is an isomorphism in Ho(A). Note that an 
arrow g of HoCB, A) is invertible if and only if ResAg is invertible in Ho(A). It 
follows that f is an isomorphism in HoCB, A). Now, given D e CompCB), we have 
canonical isomorphisms 

Hom H o(B)(C',£>) - Hom HoiBA) (C',D) =* Uom Dm (C',D) 

and the lemma follows. □ 

We denote by R D : D(B) — D(A) and R Ho ■ HoCB, A) Ho(A) the triangu- 
lated functors induced by the restriction Res^. Given E : C — ► C a functor and 
IcC, we denote by E~ X (J) the full subcategory of C of objects C such that E(C) 
is isomorphic to an object of X. 

Lemma 1.7. Let A be a finite-dimensional subalgebra of a k-algebra B. As- 
sume that there exists a subalgebra B' of B such that B is a finitely generated 
projective (A,B')-bimodule. Then the quotient functor induces an equivalence 
i?-J(Comp 6 (A-Proj)) - fi- 1 (Comp 6 (A-Proj)). 

Furthermore, if B is good, this restricts to an equivalence 
i2^(Comp 6 (A-proj)) - JS^Comp^A-proj)). 
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Proof. The fully faithfulness is given by Lemma 1.6. 

We construct by induction a complex of CB,.B)-bimodules X = ■■■ — ► X -1 — ► 
X° — ► 0. We put X° = B ®b>B. Let M be the kernel of the multiplication map 
X° — B. We put X" 1 =I°® B M and cT 1 : X" 1 — X° is the composition X° ® B 
M m x°. Suppose X~ l — ► • • • — ► X° — ► has been defined for some 

i>l. WeputX- i - 1 =X°® B kerd- i and d"'" 1 -.X' 1 ' 1 — ker d _i ^X~\ The 
multiplication map X — ► B is a quasi-isomorphism. Note that X° is a (B,B)- 
bimodule that is finitely generated and projective as an (A,5)-bimodule and as a 
5-module. By induction, we deduce that X~ l is finitely generated and projective 
as an (A,5)-bimodule and as a B -module, and kerd~ l is a direct summand of 
X~ l as a left and as a right fi-module. 

Let C be an object of i^HComp^A-Proj)). It is a bounded complex of B- 
modules such that Res^ C is quasi-isomorphic to a bounded complex of projec- 
tive modules C. Let n £ Z be such that the terms of C are zero in degrees < n. 
Let us consider the complex D = X ®# C. The canonical map D — ► C is a quasi- 
isomorphism and ResA^ is a right bounded complex of projective modules that 
is quasi-isomorphic to C. Consequently, Res^i) is homotopy equivalent to C, 
and so is ResA(T> n D) since T> n C = C. We deduce that T> n D is a bounded com- 
plex of 5-modules whose restriction to A are projective. This shows the first part 
of the lemma. Note that if the terms of C are finite-dimensional, then the terms 
of T> n D are finite-dimensional as well. 

We consider finally a bounded complex M of B -modules whose restriction 
to A is perfect. Since A is finite-dimensional, we deduce that M has finite- 
dimensional total cohomology hence it is quasi-isomorphic to an object C of 
D b (B-mod), as B is good. The construction above gives a quasi-isomorphic bounded 
complex T> n D of fi-modules whose restriction to A are finitely generated and 
projective. □ 

If B is a projective A-module we have the following picture: 



Ho(fi,A) 



D(B) 



tf-^A-hoProj) 



tf-^A-hoProj) 



i?-i(Comp 6 (A-Proj)) c 



tf-^ConnAA-Proj)) 



i2^(Comp 6 (A-proj)) c - 



tf-HConuAA-proj)) 



Remark 1.8. All results in §1.1.1-1.1.2 except Lemma 1.5 generalise immedi- 
ately to the case where the field k is replaced by any commutative noetherian 
ring. 
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1.1.3 Good groups. We relate in this section the property for a group to be good 
as defined in [35, §2.6, exercise 2], to the property of its group algebra to be good. 
We refer to [26, §3] for a discussion of goodness of groups. 

Let Y be a group and Y its profinite completion. We consider only continuous 
representations of Y, i.e., representations such that the orbit of any vector is 
finite. In particular, we have a fully faithful embedding &Y-Mod — ► ^Y-locfin, 
and this embedding is an equivalence if k is a finite field. As a consequence, we 
have the following result: 

Lemma 1.9. Assume k is a finite field. The algebra kY is good if and only if 
given M a finite- dimensional kY -module and given n > 0, the canonical map 
H"(Y,M) — H"(Y,M) is bijective. 

Following Serre [35, §2.6, exercise 2], a group Y is said to be good if for any 
finite Y-module M, the canonical map H"(Y,M) — ► FP(Y,M) is an isomorphism 
for all n (note that it is already bijective for n = 0, 1). It is equivalent to the 
requirement that F p Y is good for all primes p. 

Let V be a finite-dimensional complex vector space and let W be a finite 
subgroup of GL(V). Assume it is a complex reflection group, i.e., it is generated 
by elements fixing a hyperplane. Let V re g = {v eV \ Stabwiv) = 1} and let xo £ 
V reg /W. The braid group of W is ni(V reg /W,xo). We refer to [6] for basic properties 
of complex reflection groups and braid groups. 

Recall that two groups are commensurable if they contain isomorphic sub- 
groups of finite index. Lemma 1.4 shows that given Yo a group commensurable 
with Y, then kY is good if and only if kYo is good. 

The following result generalises [35, §2.6, exercise 2(d,e)]. 

Proposition 1.10. IfY is commensurable with a free group or the braid group of 
a complex reflection group with no exceptional irreducible component of dimen- 
sion > 3, then Y is good. 

Proof. If Y is an iterative extension of free groups, then Y is good by [35, §2.6, 
exercise 2(d)]. 

Assume Y is the braid group of a complex reflection group of type G(d,e,n). 
Then Y is commensurable with an iterated extension of free groups (cf. [32] or [6, 
Remark p. 152, Proposition 3.5, Lemma 3.9 and Corollary 3.32]). Consequently, 

Y is good. 

Finally, if Y is the pure braid group of an irreducible 2-dimensional complex 
reflection group, then Z(Y) is cyclic and Y/Z(Y) is a free group [6, p. 146], hence 

Y is good. 

The case of the braid group of a non-irreducible complex reflection group 
follows from Lemma 1.5. □ 

Remark 1.11. We expect that the braid group of any finite complex reflection 
group is good. 
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Let H be a finite normal subgroup of Y. It follows from [35, §2.6, exercise 2] 
that Y/H is good if and only if Y is good and there is a finite index subgroup of 
Y intersecting H trivially. The following proposition follows from Lemma 1.7. 

Proposition 1.12. Let k be a finite field. If Y/H is good, then the quotient map 
induces an equivalence from the full subcategory of Ho(kY ,kH) of complexes C 
such that ResnC e Comp 6 (£if-proj) to the full subcategory ofD(kY) of complexes 
D such that ResjjD is perfect. 

1.2 Complexes of chains with compact support 

Let k be a finite field of characteristic £. By variety, we will mean a quasi- 
projective scheme over an algebraically closed field of characteristic p ^ £. We 
will consider etale sheaves of £ -vector spaces. Let us recall the construction of 
good representatives of the complex of chains up to homotopy. For finite group 
actions, the existence of such complexes is due to Rickard [33]. We need here to 
use [34, §2], which provides a direct construction compatible with the action of 
infinite monoids. 

Let X by a variety acted on by a monoid Y + acting by equivalences of the 
etale site. Let if be a finite normal subgroup of Y + and Y be the group deduced 
from Y + . 

We consider the complex of cohomology with compact support of X with value 
in k, constructed using the Godement resolution and we denote by Gr c (X) its 
T<2dimX-truncation. It is viewed as an object of Ho b (kY ,kH). It is independent of 
the choice of the compactification, up to a unique isomorphism. Most functorial 
properties in D b (kY) lift to Ho b (kY ,kH), in particular the triangle associated 
with an open-closed decomposition: given Z a Y + -stable closed subvariety of X 
and U the open complement, there is a distinguished triangle in Ho b (kY ,kH) 

GT C (U) — Gr c (X) — Gr c (Z) . 

Lemma 1.13. Assume the stabilisers of points in X under H are ('-groups. Then 
Res^Gr c (X) is a bounded complex of projective modules and it is perfect. 

Furthermore, if Y/H is good, then Gr c (X) is isomorphic in Ho b (kY ,kH) to a 
complex Rr c (X) such that Res^Rr c (X) e Comp & (£ii-proj). 

Proof. It follows from [34, §2.5] that Res^Gr c (X) is a bounded complex of pro- 
jective kH -modules and from [13, Proposition 3.5] that it is perfect. When Y/H 
is good, we obtain the second part of the lemma from Proposition 1.12. □ 

We explain now how to describe this finer invariant Gr c from the classical 
derived category invariant Rr c in general, by filtrating X. We define a filtration 
of X by open Y + -stable subvarieties X<; = {x e X \ |Stab#(x)| ^ i). Each variety 
X<t-i is open in X<; and the complement is a locally closed subvariety of X 
which we will denote by X(. Given Qcff, we put Xq = {x e X \ Stab#(x) = Q}. 
Given C an Y-conjugacy class of subgroups of H, we put Xq = LlQeC-^Q- We 
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have a decomposition into open and closed subvarieties Xi = Uc^c, where C 
runs over the set of Y-conjugacy classes of subgroups of H of order i. Given 
Q g C, the map (j,x) — ► yxy -1 induces an isomorphism Ind^ (q)Xq -* Xq. As a 

consequence, we have a distinguished triangle in Ho b (kY ,kH) 

Gr c (X s ,_!) — GT c (X S i) — 0IndJ Y(Q) Gr c (X Q ) 

Q 

where Q runs over representatives of Y-conjugacy classes of subgroups of order 
i of if. 

The action of Nh(Q) on Xq factors through a free action of Nh(Q)IQ. Lem- 
mas 1.13 and 1.7 show that GT c (Xq) is up to isomorphism the unique object 
of Ho 6 '(kN Y (Q),kN H (Q)) isomorphic in D b (kN Y (Q)) to Rr c (X) and whose re- 
striction to kNniQ) is homotopy equivalent to a bounded complex of projective 
(&iVtf(Q)/Q)-modules. 

Recall that a ^if-module is an (-permutation module if it is a direct sum- 
mand of a permutation module. The filtration of Gr c (X) above shows that it is 
isomorphic in Ho b (kY,kH) to a bounded complex of £Y-modules whose restric- 
tions to H are ^-permutation modules. The second part of Lemma 1.13 shows 
the following stronger finiteness statement. 

Proposition 1.14. Assume that Y/H is good (cf. §1.1.3). Then the complex 
Gr c (X) is isomorphic in Ho b (k Y,kH ) to a bounded complex Rr c (X) ofkY-modules 
whose restrictions to H are finitely generated (-permutation modules. 

In the setting of Broue's abelian defect conjecture, we have Y =H xB, where 
B is the braid group of a complex reflection group, so that Proposition 1.14 ap- 
plies when the reflection group has no exceptional component of dimension > 3 
(cf. Proposition 1.10). 

Let P be an ^-subgroup of H. Given V an ^-permutation kH -module, Brp(V) 
is defined as the image of the invariants V p in the coinvariants Vp = V k. 
This construction extends to complexes of ^-permutation modules. The descrip- 
tion of Gr c (X) above shows that the injection X p X induces an isomorphism 

Br P (Gr c (X)) - Gr c (X p ) 

in Ko b (kN Y (P),kN H (P)/P) (cf. also [34, Theorem 2.29] and [33, Theorem 4.2]). 

Remark 1.15. The complex Res# Gr c (Xi) is homotopy equivalent to a bounded 
complex of finitely generated projective modules since by definition H acts freely 
on X\. As a consequence, the canonical map Gr c (X) — ► Gr c (X \Xi) is an iso- 
morphism in Ho & (£if-Mod)/Ho 6 (£ii-proj) (compare with Lemma 2.6). 

Remark 1.16. Note that a finiteness property can be obtained more directly for 
Galois actions. Let C(X,k) be the Cech complex of X, limit of the Cech complexes 
C(J-",£) over the category of etale coverings T of X. The action of Y on that 
category induces an action on C(X,k). 
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Assume now X is endowed with a Frobenius endomorphism F denning a 
rational structure over a finite field. Let a e C(X,k). There is a covering J 7 such 
that a is in the image of C(J-",^). The covering T is isomorphic to a covering J 7 ' 
whose elements are stable under the action of F n and such that F n acts trivially 
on CiJ 71 ,k), for some n > 1. It follows that F n (a) = a. So, C(X,k) is locally finite 
for the action of F. 



2 Deligne-Lusztig varieties 

Let G be a (not necessarily connected) reductive algebraic group, together 
with an isogeny F, some power of which is a Frobenius endomorphism. In other 
words, there exists a positive integer n such thatF" defines a split ¥ q n -structure 
on G for a certain power q n of the characteristic p, where q e [R >0 . Given an 
F-stable algebraic subgroup H of G, we will denote by H the finite group of fixed 
points H F . 

Let P = LU be a parabolic subgroup of G with unipotent radical U and an 
F-stable Levi complement L. We define the parabolic Deligne-Lusztig varieties 

Y G (U) ={geG\ g- 1 F(g)eF(V)}/(UnF(V)) 



IL 



Xg(P) = {geG | g- 1 F(g)eF(P)}/(PnF(P)) 

where til denotes the restriction to Yg(U) of the canonical projection G/(U n 
F(U)) — ► G/(PnF(P)). The varieties Yg(U) and Xg(P) are quasi-projective va- 
rieties and endowed with a left action of G by left multiplication. Furthermore, 
L acts on the right on Yg(U) by right multiplication and is isomorphic to the 
corresponding quotient map, so that it induces a G-equivariant isomorphism of 
varieties Y G (U)/L =* X G (P). 



2.1 Fixed points and endomorphisms 

2.1.1 Description of fixed points. The claim in [34, Lemma 4.1] can be ex- 
tended to parabolic Deligne-Lusztig varieties (cf. [13, Proposition 4.7] and [16, 
proof of Lemma 12.3] for a related result). 

Lemma 2.1. Let S be a finite solvable subgroup o/"Aut(G) of order prime to p. 
Assume S commutes with the action of F and stabilises U. Then the inclusion 
G s G induces an isomorphism 

Y G s(V s ) - Y G (Vf. 

Proof. Denote by Cg '■ G — ► G,g~ — ► g^Fig) the Lang map. We have a commuta- 
tive diagram 
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C G l(F(V s )) £ g HF(XJ)) s c CqHF(U)) 

a 

Y G s(U s )< - Y G (V) S c y G (U) 

Assume S is an /-group for some prime e. Let y e Y G (V) S and V = a'Hy), 
an affine space. The stratification of V" by stabilisers as in §1.2 shows that 
i I I;(-iy dimH^(V \V S ,FA We deduce that H*(V S ,IF^) ^ 0, hence V s ^0. This 
proves the lemma when S is an ^-group. 

We prove now the lemma by induction on \S\. There is a non-trivial normal 
^-subgroup Si of S for some prime £. The canonical map Fqs^U 51 ) — ► Yg(U) Si 
is an isomorphism. By induction, the lemma holds for G Sl with the action of 
S/Si, and we deduce that the lemma holds for (G,S). □ 

Let Z + be a monoid acting by automorphisms on L and acting on the right by 
equivalences of the etale site on the Deligne-Lusztig variety Yg(U). We assume 
the action is compatible with the action of L and commutes with the action of G. 
We denote by Z the group associated with Z + and we put Y = G x (L x Z) opp . 

Given H a group, we denote by AH = {(x,x _1 ) | x e H} the corresponding diag- 
onal subgroup of if x H opp . 

Lemma 2.2. Assume there exists a H + -stable p' -subgroup Z of L such that L = 
Cq(Z)°. Then we have 

|J h[Y G (Vf z ) = GIG n U 

heG 

where G acts by left multiplication and L x Z by right multiplication preceded by 
a morphism L x Z — ► Nq(L, GnU) that extends the identity on L. 

Proof. By assumption on Z, the closed subvariety R - U/ieG h (Yg(U) AZ ) of Yq(U) 
is stable by the action of Y + . Let Q = U AZ = U n C G (Z). We have L c N G (Ql 
Since U n L = {1} it follows that Q is finite hence L c Cq(Q)- Since U n Cg(L) = 
UnCp(L) = {1} we deduce that Q = {1}. Now by Lemma 2.1 the variety Y G (U) AZ 
is the image of C^ 1 (Z) (F(Q)) = C G {Z) by the projection G G/(UnF(U) and 
therefore we obtain 

R = G(UnF(U))/(UnF(U)) « GIG n U. 
In particular the action of L x Z + on R induces a G-equivariant action on GIG nU. 

Given H a subgroup of G, there is a group isomorphism Ng(H)IH ^ EndaiGIH) 
constructed as follows: an element xH e Ng(H)IH defines a G-equivariant map 
yH > — ► yxH. Conversely, the image of if by a G-equivariant map of GIH is in 
Ng(H)IH. Consequently the action of Y + on R yields a canonical group homo- 
morphism L x Z — *No(Gn U)/G n U. 

Let a e Z and y(G n U) be the image of a by this morphism. Let Q = 
{(adXr^ll £ Z}. We claim that v(UnF(U)) e Y G (U) Q . Indeed, y^Fiy) = 1 
hence y(UnF(U)) e Yg(U). Furthermore, by definition of y, we have yly' 1 e 
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a(l)(G nU) and therefore a(l)yl 1 e y(G n U) for all I e L. We deduce from 
Lemma 2.1 that y is the image of an element of £~qCF(U^)), hence there ex- 
ists x e G Q and u eUnF(U) such that y = xu. By definition an element x e 
acts on Z as a. Consequently, x~ 1 F(x) acts by a~ 1 Fa, and in particular it 
normalises Z. Now F(y) = y and u,F(u) e F(U) forces x _1 F(x) e F(U). Since 
Nq{Z) c AT g (C g (Z)°) = iV G (L) we have F(U)niV G (Z) = {1} and we deduce that 
x g Ng(L) and u e G nU. This proves that the image of L x I — ► AT G (GnU)/GnU 
lies in iV G (L,GnU)(GnU)/GnU, which is canonically isomorphic to iV G (L,GnU) 
since UniV G (L) = UniV G (L) = {1}. □ 

Remark 2.3. (i) There is an obstruction for equivalences on the etale site of 
Yg(U) to exist: if a £ Z acts on L by conjugation by v e Ng(L) then v will 
necessarily normalise GnU. This extends the case of F-stable unipotent 
radical U, for which Y G (U) * G/U and AT G (L, U) = L. 

(ii) When G n U is trivial, this gives no obstruction for an element of the com- 
plex reflection group Ng(L)/L lifts to an equivalence on the etale site of 
Yg(U). Such equivalences have already been constructed in [7, 17] when 
U is associated with a minimal (-element. Note that G nU = {1} for a larger 
class of elements. 

(iii) The following lemma shows that one can always find a Z satisfying the 
assumptions in Lemma 2.4 providing that q is not too small. In the situ- 
aation of the next section, Z will be a cyclic Sylow ^-subgroup of G. 

The following lemma is a variation on a classical result (cf. [10, Lemma 
13.17]). 

Lemma 2.4. Assume G is connected. Let S be an F -stable torus of 'G and E a set 
of good prime numbers for G, distinct from p, and prime to \{Z(G)/Z(G)°) F \. Let 
Z be the Hall E -subgroup ofS. 

If for every irreducible factor O of the polynomial order ofS there is £ eE such 
that £ | O(g), then Cg(Z)° = Cg(S), and this is a Levi subgroup ofG. 

Proof. Note that Cg(S) is a Levi subgroup by [16, Proposition 1.22]. 

Let M = C G (Z)°. This is a Levi subgroup of G (cf. [10, Proposition 13.16.(ii)]) 
and \Z\ is prime to \{Z(M)IZ{M)°f\ (cf. [10, Proposition 13.12.(iv)]). Conse- 
quently, Z c Z(M)°. Let n : M — M/Z(M)° be the quotient map. By [10, Lemma 
13.17.(i)], the order of Z is prime to [^(S)^ : n{S)], hence n(S) F has order prime 
to \Z\. On the other hand, the polynomial order of n(S) divides that of S, hence 
7r(S) = 1, so S c Z(M)° and we are done. □ 

2.1.2 Stable category and ^-ramification. Let us consider the closed Y- 
subvariety Yg(U)^ of Yg(U) defined by 

Y G (U)/ = {y gY g (U) I £ divides |Stab GxL o PP (y)|}. 

By construction, the stabilisers in G x L opp of points in Yg(U) \ Yg(U)^ are £'- 
groups and Yg(U)^ is the smallest variety such that this property holds. 



2 DELIGNE-LUSZTIG VARIETIES 



14 



Lemma 2.5. The variety Yg(U)^ decomposes as 



Y G (U), = (J Y G (U)' 




(J h{Y G (V)) 




seL e \{l] 
heG 



Proof. Let y(U n F(U)) £ Yg(U) and (g,s)eG x L be an ^-element fixing 3/. Then 
gys = yv for some v £ UnF(U), which we can write y gy = vs . Consequently 
u" 1 i;s" 1 u = u^y^gyu = F{y~ x gy) = F(u)s _1 . Since v,F(v) £ F(U) and s" 1 e L = 
i^L), we deduce that u £ Cg(s). From [16, Lemma 2.5] we deduce that u £ 
F(U) n Cg(s)°. By Lang's theorem, there exists x £ Cg(s)° such that x _1 F(x) = 
u = y~ 1 F(y). With /i = x _1 y e G we obtain h~ 1 s~ 1 hys = yx~ 1 s~ 1 xs = y. □ 

Given A a self-injective algebra, we denote by A-stab the stable category 
of A: it is the additive quotient A-stab = A-mod/A-prqj. The canonical map 
A-stab — ► Z) 6 (A-mod)/A-perf, where the right-hand term is the quotient as tri- 
angulated categories, is an equivalence of categories (Keller- Vossieck, Rickard). 
This provides A-stab with a structure of triangulated category with translation 
functor Q -1 . 

From now on we assume that 2 + is cyclic, generated by a. Then the group 
Y = G x (L x 2)°pp is good and we have a complex RT C (Y G (U)) e Uo b (kY,k(G x 
L opp )) whose terms are finitely generated ^-permutation k(G x L opp )-modules (cf. 
§1.2). 

Given A £ k x and given M a finite-dimensional right k S-module, we will de- 
note by Mx the generalised A-eigenspace of a (this is the image of M®kik[a\ a -\) 
in M). We put xM = M x -1, the eigenspace of a acting on M on the left by cr -1 . 

Lemma 2.6. Given Aek* we have an isomorphism 



in £G-stab. 

Proof. From Proposition 1.14 we deduce that the cone of the canonical map f : 
RF c (Yg(U)) — ► Rr c (YG(U)^) is homotopy equivalent to a bounded complex of 
projective k(G x L opp )-modules. As a consequence, cone(/") ®kL k is homotopy 
equivalent to a bounded complex of projective £G-modules. The map f ®&L k 
is a morphism of bounded complexes of finite-dimensional k(G x Z opp )-modules, 
hence for any A £ k it induces a morphism of complexes of /-permutation kG- 
modules 



Rr c (X G (PU)A - Rr c (Y G (LVL,£) A 



Rr c (X G (P))i 



Rr c (Y G (LVL) A 



whose cone is homotopy equivalent to a bounded complex of finitely generated 
projective £G-modules. □ 
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2.2 The cyclic case 

2.2.1 Centralisers of cyclic Sylow ^-subgroups. We start by describing the 
centralisers of Sylow /-subgroups of G under the assumption that they are cyclic. 

Lemma 2.7. Assume G is connected and G has a cyclic Sylow {-subgroup S(. 
Let L = C G (S e )°. Then 

(i) L is an F -stable Levi subgroup of G and S^a Z(L)°. 

(ii) For any non-trivial element seSi, we have Cg(s)° = L and Cg(s) = L, hence 
any two distinct Sylow £ -subgroups ofG have trivial intersection. 

(hi) N G (S e ) = N G (L) = N G (U 

Proof. Let us first consider the case where G is simple. Let G sc be the universal 
cover of G. We denote by O g Ax) = x N n e O e (x) a(e) the "very twisted" polynomial 
order of G: we have \G\ = GF (q £ ) where e = 2 if G has type 2 B 2 , 2 F 4 or 2 G 2 , 
and £ = 1 otherwise. Let d be the order of q e modulo £. With Sg being cyclic, we 
claim that: 

• the multiplicity of $<f as a divisor of Oq,f(x) is 1; 

• £ is odd; 

• £\ |Z(G SC ) F |. In particular, both Z(G) F and Z(G*f are ^'-groups; 

• 0^fO G) F(x)for r> 1; 

• £ is good for G. 

We have £^ 2 by [24, Theorem 4.10.5(a)]. Assume now £ is odd. If £ divides 
|Z(G SC ) F |, then W F has non-cyclic Sylow ^-subgroups (cf. [24, Table 2.2]), unless 
G has type A: in that case, if T is a quasi-split torus of G, then N G (T) has non- 
abelian Sylow ^"-subgroups. We deduce that the multiplicity of <I>d as a divisor 
of Og,f(*) is 1 [24, Theorems 4.10.2 and 4.10.3] and that G sc has cyclic Sylow 
^-subgroups. The last two properties are easily checked by inspection. Note that 
conversely, if the multiplicity of as a divisor of Oq,f(x) is 1, then G has cyclic 
Sylow ^-subgroups [24, Theorem 4.10.3]. Note also that by descents of scalars, 
the result remains true if G - Gi x • • • x G r is a product of simple groups permuted 
cyclically by F since in that case G F - G F . 

Now any connected reductive group G is a product of its minimal F-stable 
semisimple normal connected subgroups and its connected center. Moreover, the 
intersection of any two such subgroups is finite and central, and the conditions 
on £ given above force Sf to lie in only one component (since Z(H) is a quotient 
of Z(H SC ) for any semisimple group H). We may therefore assume that (G,F) is 
a product of simple groups permuted cyclically by F. 

Let L = C G (St)° and s e S e . We fix a pair (G*,F*) dual to (G,F). By [10, 
Proposition 3.16.(ii)], Cg(s)° is a Levi subgroup, which proves (i). By [10, Propo- 
sition 3.16.(i)], the group (Cg(s)/Cg(s)°) f is trivial since it is both an ^-group 
and a subquotient of Z(G*) F which is an ^"-group (it is isomorphic to a quo- 
tient of Z(G SC )). This shows that (Cg(s)°) f = C G (s). In particular, Cg(s)° con- 
tains s. By [10, Proposition 13.12.(ii)], its connected center Z(Cg(s)°)° also 
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contains s. The (usual) polynomial order of (G,F) has a unique simple factor 
over Z[x] (or Zt^/pltx] for Ree and Suzuki groups) that vanishes modulo £ at 
x = q. Consequently, £\[G : (Z(C G (s)°)°) F ], hence S £ c Z(C G (s)°)° and therefore 
C G (s)° = C G (S £ y. 

The last part of (ii) follows from the inclusions ^(L) c Ng(L) c NoiS?) c 
Nq(Q) c Ng(Cg(Q)°) = A^g(L) given any non-trivial subgroup QofSg. □ 

Remark 2.8. Note that Cg(S() is not always connected. For example, take G = 
PGL^ and assume F defines a split structure over ¥ q . Let d be the order of q in 
F* Assume d > 1 and £ 2 \ Orf(g). Then, a Sylow ^-subgroup of G has order £ 
and Cg(S^)/Cg(S^)° has order £. 

Let us assume now that G is a connected reductive group such that G has 
a cyclic Sylow ^-subgroup Sf. We take L = Cq(S£)°. It is an F-stable Levi 
subgroup of G (cf. Lemma 2.7). Given s a non-trivial element of Sg, we have 
Gg(s) = L by Lemma 2.7.(ii). We deduce from Lemmas 2.2 and 2.5 that there 
exists a group homomorphism L x Z — ► Nq(L,G n U) such that 

Y G (U)^ « Res Gx(L ( ; z ; opp G/G n U. 

Let TVi be the subgroup of Ng(L) generated by the image of L x Z. Let e be 
the order of the cyclic group Nj.IL. Given A an e-th root of unity in k x , we denote 
by k x the one-dimensional representation of Nz on which the image of a acts by 
A and Nz acts trivially. 

Proposition 2.9. Assume G is connected and G has a cyclic Sylow £-subgroup 
Si. Let L = Cq(S e)°. Given A,ek x , we have 

f Ind% k\ if A e = 1; 

Rr c (x G (P),£) A - J ^ 



otherwise 



in £G-stab. 



Proof. By Lemma 2.6 and the description of Yg(U)^, we have Rr c (XG(P),^)i = 
in £G-stab if A e ^ 1. Otherwise we have 

Rr c (X G (PU)A - Ind^ iK(GnU) Res^ x(GnU) *A 

in £G-stab. Now by Lemma 2.7.(iii) we have AT G (S^)nU = 7V G (L)nU = {1}, hence 
Se n u {Sg) = {1} for any non-trivial u e G n U (cf. Lemma 2.7.(ii)). It follows 
from the Mackey formula that Ind^ {GnV) k x « Res^j K(GnU) £ A in k(N z x (G n 
U))-stab. ' S ' 1 ' !1 □ 

Remark 2.10. Note that this result holds if we replace the condition that Se is 
a cyclic Sylow /-subgroup of G by the following: Se is a Sylow ^-subgroup of L 
and for all non-trivial ^-element s eL we have Cg(s)° = L. 



2.2.2 Endomorphism associated with F. We can construct a specific endo- 
morphism a of Yg(U) associated with the Frobenius. There exists w e iYc(L) 
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such that (L,P) = (L,P). Let 8 > 1 be minimal such that wF induces a split 
structure on L. Let us consider v = wF(w)-- ■F s ~ 1 (w) and define a = vF 5 - (wF) 5 . 
We can choose w such that v is fixed by F. We let a act on Yg(U) by a(g) = 
F s (g)v~ 1 . It is compatible with the action of G x L opp , where o acts on L by 
conjugation by i> _1 . 

Corollary 2.11. Assume there is a cyclic Sylow ^-subgroup S( ofG such that L = 
Cg(S£)°- Assume furthermore that v = wF(w) ■■■ F 6 ~ 1 (w) generates Nq(L)IL. Let 
m e {0, . . .,e-l}. If q ms~RT c (Xg(P),£) is quasi-isomorphic to a module concentrated 
in degree d with no projective indecomposable summand, then there exists an 
isomorphism of kG -modules 

Proof. The endomorphism a induces a split ¥ q s -structure on the torus Z(L)°, and 
therefore v acts on by raising any element to the power of q~ 5 . In particular, 
since v has order e, the image of q 8 in k is a primitive e-th root of unity. We 
deduce that the one-dimensional representation of Nq(L) on which v acts by 
q mS satisfies k qm s - QT 2m k in the category of ^A^CW-modules (see Example 3.3 
below for more details). We deduce from Proposition 2.9 that qm sRT c (Xg(P)) - 
n 2m Ind^ c(i) £ in the stable category of ^G-modules. 

Since the distinct Sylow /-subgroups of G have trivial intersection (Lemma 
2.7.(ii)), we have Ind^ c(L) £ = Ind^ G(g<;) £ - k in the stable category. The result 
follows then from the fact that two /eG-modules that have no projective indecom- 
posable summand are isomorphic in the stable category if and only if they are 
isomorphic as kG -modules. □ 

Remark 2.12. This corollary generalises to the eigenspace of an operator (as 
defined in [7, 17]) whenever Ng(L) is generated by L and i). 



3 Brauer trees 

3.1 Walking around Brauer trees 

Let £ be a prime number, O be the ring of integers of a finite extension K of 
<Q>£ and let k be its residue field. We will assume that K is large enough for all 
the finite groups encountered. Let if be a finite group and bOH be a block of 
OH. If the defect D of the block is a non-trivial cyclic group, then the category 
of 6(9ii-modules can be described by a combinatorial objet, the Brauer tree T of 
the block [20, Chapter VII]: 

• The set of vertices "V of T consists of the ordinary non-exceptional char- 
acters in the block and the sum j exc of the exceptional characters in the 
block. The number of non-exceptional (resp. exceptional) characters will 
be denoted by e (resp. m). The integer m will also be referred to as the 
multiplicity of the exceptional vertex. 
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• There is an edge % — %' m the Brauer tree if there exists a projective 
indecomposable 6(9if -module with character % + x' f° r X ^ x' m 

• There is a cyclic ordering of the edges containing any given vertex, defining 
a planar embedding of the tree. 

The planar embedded Brauer tree determines the category of 6(9H-modules up 
to Morita equivalence. 

Let us first describe the structure of the projective indecomposable modules 
in the block. Let P be such a module, and assume that its character is the sum 
of two non-exceptional characters % and %' as in the following picture: 



1j 




Denote by Sj (resp. Ti) the simple £ if -module whose projective cover has char- 
acter x + Vj (resp. x' + Xi> over K an d let P = P ®e> k. Assume ^ Xexc- The 
module radP/socP is the direct sum of two uniserial modules with composition 
series Si,...,S r and T\, . . . , T s so that P has the following structure: 

S 

Si Ti 

: : (3.1) 

S r T s 
S 

In addition, the unique quotient U (resp. submodule V) of P which has S,Si, . . . , 
S r (resp. Ti,...,T s ,S) as a composition series can be lifted to an 0-free OH- 
module of character x (resp. The structure of P = Pjj yields D.U - V. Now 
V is in turn a quotient of a projective cover of T\, so that D.V = Q 2 U is a unise- 
rial module with character xi- By iterating with process, we obtain a sequence 
(D. l U)i>o of uniserial modules, each of which lifts to an (9-free OH -module yield- 
ing an irreducible ordinary character (or the exceptional character) in the block. 
This sequence is called the Green walk starting at U [25]. It is periodic of period 
2e and can be easily read off from the planar embedded tree. 

Remark 3.2. When x = Xexc, the structure of P described above is slightly dif- 
ferent: one should turn around the exceptional node as many times as the mul- 
tiplicity of the exceptional vertex. This amounts to repeating m times the com- 
position series S,Si,...,S r in U. 
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Example 3.3. We close this section with the example of a star. Assume that 
H = D y\E where D is a cyclic ^ -group and E is an ^"-subgroup of Aut(-D). Fix a 
generator x of E of order e . Then x acts on D by raising the elements to some 
power d. By Hensel's Lemma there exists a primitive e-th root of unity ( e O 
congruent to d. Denote by %\,...,% e the one-dimensional characters of H over 
K such that %i(,x) = ( l and denote by S\,...,S e = k the associated kH -modules. 
The exceptional characters are the characters of H of dimension > 1. The planar 
embedded Brauer tree of the principal ^-block of H is given by the following 
picture: 



In this particular case, the syzygies of a module Sj satisfy D. 2l S j = S j+i and 
Green's walk from S j yields the sequence %j, Xexc, Xj+i, Xexc, Xj+2, ■■■■ 

3.2 Brauer trees of the principal -block 

When d is the Coxeter number, HiB, Liibeck and Malle have formulated in 
[29] a conjecture describing the Brauer tree of the principal $d-block. In this 
section we shall combine the results of [18] and §2 to obtain a general proof of the 
conjecture. This includes the determination of the previously unknown planar 
embedded tree for groups of type 2 F±, Eq and Eg. As a byproduct we obtain a 
proof of the geometric version of Broue's conjecture for varieties associated with 
Coxeter elements when p is good (see Theorem 3.6). 

In this section, G is a connected reductive group, T is a maximal F-stable 
torus of G, O = 0(G,T) is the corresponding root system and W = A^g(T)/T its 
Weyl group. We put (f> = q~ 1 F, a linear transformation of V = F(T)®C. Through- 
out this section we will assume that V is irreducible for the action of W x ((p). 
In particular, G decomposes as an almost product of simple groups that are per- 
muted cyclically by F. 

3.2.1 Previous results. We assume T is a Coxeter torus. This means that <p has 
an eigenvalue of order the Coxeter number h, where h is the maximal possible 
order of an eigenvalue of y<p in V for y eW. In that case there exists w e W and a 
unstable basis A of O such that each orbit of O under w<p contains exactly one 
positive root a such that (p(a) < (cf. [37, Section 7]). Furthermore, the following 
properties are satisfied: 
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• the exp(2^i//i)-eigenspace of (p in V is maximal and it is a line which in- 
tersects trivially any reflecting hyperplane. As a consequence, the order of 
|G|, which is a polynomial in q, has <&h as a simple factor; 

• if 5 denotes the order of wcp as an endomorphism of V, then CVCF) is a 
cyclic group of order ho = h/8 generated by v = wF(w) ■ ■ ■F s ~ 1 (w). 

The basis A defines a w F-stable Borel subroup B containing T. The correspond- 
ing Deligne-Lusztig variety Xg(B) will be referred to as a Coxeter variety and we 
will denote by r its dimension. 

We assume the image of q in k is a primitive h -root of 1. If G has type 
2 E>2 (resp. 2 i*4, resp. 2 G<i) we assume in addition that £ \ q 2 -qV2 + 1 (resp. 
£\q 4 -q 3 V2 + q 2 -qV2 + l, resp. £\q 2 -qVS + l). The Sylow ^-subgroups of G 
are cyclic (cf. proof of Lemma 2.7) and T is the centraliser of one of them. 

Let us recall some results of Lusztig [31] on the cohomology of Coxeter va- 
rieties. We fix an F-stable lift v of v in 2Vg(T). The Frobenius endomorphism 
a = vF 6 acts (on the left) semi-simply on H 1 c (Kq(B),K) and each eigenvalue is 
equal to q^ s in k for a unique j e {0,...,ho - 1}. The eigenspaces of a are mu- 
tually disjoint irreducible ifG-modules and their characters {%o, ■ ■ ■ , Xh -ii are 
the non-exceptional characters in the block. Moreover, if we fix a square root of 
q s in K , then each eigenvalue of a can be written as (q im5/2 for some integer i 
and some root of unity ( which depends only on the Harish-Chandra series of 
the associated eigenspace. For a given (, the contribution of the corresponding 
Harish-Chandra series to the cohomology of Xg(B) is given by 



W c (Xg(B),K) 


H£ +1 (X G (B),in 




lC Mf - m( (X G (B),10 


Xrri( 






Xm ( 



for some > . Furthermore, according to [23], the following tree 

Xm( Xm( + 1 Xm(+2 XM(-1 XM( 

o o o o o 

is a subtree of the Brauer tree of the principal ^-block. The missing vertex is 
the exceptional one: it corresponds to the non-unipotent characters in the block. 
By [19], the missing edges are labelled by the cuspidal £G-modules in the block. 
With this notation, the conjecture of HiB-Liibeck-Malle [29] can be stated as 
follows: 

Conjecture 3.4 (HiB-Liibeck-Malle). Let T be the Brauer tree of the principal 
(bh-block. Then 

(i) (Shape of the tree) The vertices labelled by Xm ( are the only nodes connected 
to the exceptional node in T. 

(ii) (Planar embedding) The vertices labelled by Xmr are ordered around the 
exceptional vertex according to increasing values ofni(. 

Assertion (i) is known to hold for any group but Eq and Es- The proof relies 
on a case-by-case analysis, combining results of Fong-Srinivasan for classical 
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groups [22], HiB for Ree groups [27], HiB-Lubeck-Malle for groups of type Eq 
[29] and HiB-Liibeck for groups of type F4 and 2 E$ [28]. The planar embedding 
was not known for groups of type 2 G<i, F4, F4, Eq and Eg. The first two cases 
were recently settled in [19] (under the assumption p ^ 2,3 in type 2 i^4), but the 
other cases remained unsolved. Our main result gives an unconditional proof of 
this conjecture: 

Theorem 3.5. The conjecture of Hifi-Lubeck-Malle holds. 

From [18, Theorems 3.9 and 3.11], we deduce that the geometric version of 
Broue's conjecture holds for the principal O/j -block whenever p is good. More- 
over, in that case the contribution to the block of the cohomology of Yg(U) with 
coefficients in O is torsion-free. 

Theorem 3.6. Assume p is good. Then there is a bounded complex C of finitely 
generated (-permutation 0{G x NG(T) opp )-modules such that R es G X (£xZ)<>pp (C ®o 
k) is isomorphic to Rr c (YQ(U),^) in Ho b (k(G x (T x Z) opp )) and such that C in- 
duces a perverse Richard equivalence between the principal blocks of OG and 
ON G (T). 

3.2.2 Determination of the Brauer trees. We shall now give a proof of the 
conjecture of HiB-Lubeck-Malle. For that purpose, we shall use Corollary 2.11 
and the results in [18] to compute the syzygies of the trivial module. By [19, 
Proposition 2.12], the generalised g mc<5 -eigenspace of a = i)F s on RF c (Xg(B),^) 
is quasi-isomorphic to a complex concentrated in degree r. Moreover, it has no 
projective indecomposable summand since it can be lifted up to an (9-free OG- 
module of character % m ,. Consequently we can apply Corollary 2.11 to obtain 
the following isomorphism of kG -modules 



(5 H r c (X G (B),k) s Q. 2m (- r k. (3.7) 



q 



The principal ^ -block is self-dual, the dual of the character % m( is % m . and 

the dual of the module D, 2m (~ r k is DT~ 2in ^k. In particular, if we apply (3.7) to ( 
and (~ we deduce that both n 2m (~ r k and Q r ^r 1 k can be lifted up to (9-free 
OG-modules with character % m ,. In order to compare the positions of these two 
modules in Green's walk we will use the following relation: 

Lemma 3.8. With the notation in §3.2.1, we have m^-i +M( = r mod h. 

Proof. Recall from [31, Table 7.1] that the eigenvalues of a on the series associ- 
ated with C are (q a8J2 ,i;q 8< ^ a+1 \ . . .^ q S(a/2+M ( -m ( ) for gome integer a Moreover, 

the interval {a/2,..., a/2 +M( - mfi is centred at r/2, so that a + M( - m( = r. 
Finally, we observe that a does not change if we replace ( by its conjugate f . 
Since ( q aS/2 (resp. C _1 g a<5/2 ) is equal in k to q 5mt: (resp. g^^V 1 ) and q 5 has order 
h modulo £, we deduce that a = m^ + m^ i mod h and we conclude the proof using 
the previous equality. □ 
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Let 1 = (i, . . . ,( s be the roots of unity that appear in the eigenvalues of a = 
vF 6 on H*(Xo(B),if ), ordered according to increasing value of . From the 
lemma we compute r - 2m - (2m ^ — r) = 2(M( - m^) mod 2h and 2m^ i+1 —r — 
(r - 2m c i) = 2 mod 2h since m^ i+1 = + 1 and = r. We deduce that Green's 
walk starting from the trivial module satisfies the following pattern 

1 +2 , +2(M C2 -m C2 ) +2 +2(M^-m^) 

The following consequence will be helpful in determining the Brauer tree: 

Lemma 3.10. During Green's walk from k to Q 2h k - k, the first occurrence of a 
character in a Harish-Chandra series associated with ( ^ lis Xm r 

Proof. If Xm ( is not the first character of the ^-series encountered in a Green 
walk, then between any two occurrences of Xm ( , at least one character from a 
different series must occur. Let ^ ^ ( be the corresponding root of unity By the 
results recalled in §3.2.1, every character in the block lying in this series will 
also occur. In particular, since the Brauer tree is a tree, any occurrence of Xm? 
will be found between these two occurrences of Xm ( , which contradicts (3.9). □ 

We claim that this information together with the results in §3.2.1 is enough 
to determine the Brauer tree. We will only examine the case of the Ci-series 
(the principal series) and the fe-series as the other cases are similar. Since the 
distance between Xm (l = Ste and xo = 1g is equal to r, which is also the length of 
the principal series, a character is connected to the principal series in the Brauer 
tree if and only if it is connected to the Steinberg character: 



\ St / 

\ / Xm Cl +l XM (l -l 1g 

o o o 

/ \ 
/ \ 



By (3.9), we know that Xm (2 is two steps further the first occurrence of the Stein- 
berg. If the (r + 2)-th vertex x in the walk is not the exceptional one then we are 
in the following situation 



\ / 
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Here % is a non-exceptional character lying in a Harish-Chandra series associ- 
ated with some root of unity (. But by parity % cannot be equal to Xm ( , which 
contradicts Lemma 3.10. 

Therefore Xm (2 is connected to the exceptional node and the Brauer tree has 
the following shape: 

\ / 

\ / v 

\ 

N / \ 

v / St Xm (l +i Xm (i -i 1g 

o o o o 

/ \ 
/ \ 

Finally, since the branch corresponding to the ^-series has M( 2 - m^ 2 edges, we 
deduce from (3.9) that the Brauer tree has the following shape 

\ / Xm (2 Xm (2 + 1 XM( 2 -1 XM^ 2 

__>5 __Q o O 

N \/ st Xm (l +i Xm (i -i 1g 

o o o o 

/ \ 
/ \ 

It remains to iterate the process to obtain the planar embedded Brauer tree 
predicted by the conjecture of HiB-Liibeck-Malle. This completes the proof of 
Theorem 3.5. 



3.3 Non-unipotent ^-blocks 

We keep the assumption on £ given in §3.2 and we fix a pair (G* ,T* ,F*) 
dual to (G,T,F). Throughout this section, we will assume that G is adjoint, so 
that the centraliser of any semisimple element in G* is connected. Let s e G* 
be a semisimple ^'-element. Following [8], we denote by £e(G,(s)) the union of 
rational series £(G,(st)) where t runs over a set of representatives of conjugacy 
classes of semisimple i'-elements in Cg*(s). By [8, Theoreme 2.2] and [9, §3.2], 
it is a union of blocks that have either trivial or full defect. Furthermore, if 
£({G,(s)) contains a non-trivial block, then s must be conjugate to an element 
of C G *(S*) = T* , where S* denotes the Sylow ^-subgroup of T* = (T*f \ Note 
that by [8, Theoreme 3.2], the principal block is the only unipotent block with 
non-trivial defect. 

We assume now that s is an ^'-element of T* such that £t(G,(s)) contains a 
non-trivial block b. If there is a proper F* -stable Levi subgroup L* of G* such 
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that Cg*(s) c L*, then by [3, Theoreme B'] the block b is Morita equivalent to 
an ^ -block b s in £((L,(s)). Now [L*,L*] is adjoint and two cases can arise: if 
£ \ \Z(L*) F \ then [L*,L*] has a minimal F-stable connected normal subgroup 
that contains s. It is also the unique one whose Coxeter number is h. If SI is 
central in L* then b s is isomorphic to a unipotent block of L and the results in 
§3.2 apply and the Brauer tree of the block is known by induction on the rank of 
G. 

If such a proper Levi subgroup L* does not exist then s and by extension b 
are said to be isolated. Under our assumptions on £, very few isolated blocks 
with non -trivial defect can appear in exceptional adjoint groups: 

Lemma 3.11. Let (G,F) be an exceptional adjoint simple group not of type G 2 . 
Under the assumptions on £ in §3.2, any isolated £-block has trivial defect. 

Proof. Let M* = Cq(s). It is a connected reductive subgroup of G*. If £ does not 
divide [M*,M*] F *, then S* must be central in M* since M* = [M*,M*]Z(M*). 
Therefore M* c C G *(S*) = T*. Consequently £ divides the order of [M*,M*] F * 
whenever s is isolated. 

Recall that the conjugacy classes of isolated elements are parametrised by 
roots in the extended Dynkin diagram (given for example in [2]). With the as- 
sumption on §3.2, there is a unique (tp)-cyclotomic polynomial such that £ 
divides ^(q) and divides the polynomial order of G (we have ¥ = O/j if we 
exclude the Ree and Suzuki groups). Therefore the group [M*,M*} F contains a 
non-trivial ^-subgroup if and only if appears in its polynomial order, that is 
if [M*,M*] contains an F* -stable component with the same Coxeter number as 
(G,F). The Coxeter numbers for exceptional groups are given in Table 1. 



(G,F) 


2 B 2 


3 D 4 


2771 




Ej 


Eg 


2 F 4 


Fa 


2 G 2 


G 2 


h 


8 


12 


18 


12 


18 


30 


24 


12 


12 


6 



Table 1: Coxeter numbers for exceptional groups 



Using the extended Dynkin diagram, one can check that the only centralisers of 
isolated elements that have the same Coxeter number are A 2 x A 2 x A 2 realised 
as 2 A 2 (q 3 ) for 2 E 6 (q) and as A 2 (q) x 2 A 2 (q 2 ) for E 6 , and A 2 realised as 2 A 2 (q) 
for G 2 . By [15, §2] and [21, §2], the first two cases never happen for simply 
connected groups. □ 

For classical groups, the ^-blocks with cyclic defect have been determined in 
[22]. For G 2 they are given in [36] (note that when q = -1 modulo 3 there exists 
a non-trivial quasi-isolated block). As a consequence, the Jordan decomposition 
provides an inductive argument for determining all the ^-blocks up to Morita 
equivalence. 
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Theorem 3.12. Assume G is an adjoint simple group. In the Coxeter case, the 
Brauer tree of any non-trivial £ -block ofG is known. 

Remark 3.13. Using [15] and [14], one can check that for groups of type 2 i?2, 
3 Z>4, 2 Eq, Eg, 2 F± and 2 Gi, the order of the derived group of the centraliser of 
any semisimple element is coprime to £. Therefore any non-principal /'-block 
will be either trivial or Morita equivalent to OS ( . 

3.4 New planar embedded Brauer trees 

We give here the new Brauer trees that we have obtained. Note that the 
shape of the trees for 2 F± and F4 were already known by [27] and [28] but the 
planar embeddings was known for F4 and p ^ 2,3 only (cf. [18]). We have used 
the package CHEVIE of GAP3 to label the irreducible unipotent characters with 
the convention that 1, e and r stand respectively for the trivial, the sign and the 
reflection representation of a Coxeter group. 

3.4.1 Type 2 F A . Here q = 2 m V2 for some integer m > 1. The Coxeter case corre- 
sponds to prime numbers £ dividing O^g) = q 4 - V%q + q — V%q + 1. The class 
of q in k is a primitive 24-th root of unity. We have denoted by 6 (resp. i, resp. 
77) the unique primitive 3-rd (resp. 4-th, resp. 8-th) root of unity which is equal 
to g 8 (resp. q 6 , resp. q 3 ) in k. The planar embedded Brauer tree of the principal 
^-block is given by Fig. 1. 




Figure 1: Brauer tree of the principal O^'^lock of 

3.4.2 Type F4. The Coxeter case corresponds to prime numbers £ dividing 
$12(9) = q A - q 2 + 1. The class of q in k is a primitive 12-th root of unity. We 
have denoted by 6 (resp. i) the unique primitive 3-rd (resp. 4-th) root of unity 
which is equal to q 4 (resp. q 3 ) in k. The planar embedded Brauer tree of the 
principal /'-block is given by Fig. 2. 

3.4.3 Type £7. The Coxeter case corresponds to prime numbers £ dividing 
^18(q) = q 6 - q 3 + 1. The class of q in k is a primitive 18-th root of unity. We 
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F 4 [0] F 4 [i] 




F 4 [6 2 ] F 4 [-i] 



Figure 2: Brauer tree of the principal $i2-block of F4 

fix a square root sfq £ O of q. We have denoted by 9 (resp. i) the unique prim- 
itive 3-rd (resp. 4-th) root of unity which is equal to q 6 (resp. (^/g) 9 ) in k. The 
planar embedded Brauer tree of the principal /'-block is given by Fig. 3. 

3.4.4 Type Eg. The Coxeter case corresponds to prime numbers £ dividing 
Q>3o(q) = q + q 7 - q 5 - q 4 - q 3 + q + 1- The class of q in k is a primitive 30-th 
root of unity. We fix a square root ^/q e O of q. We have denoted by 6 (resp. i, 
resp. the unique primitive 3-rd (resp. 4-th, resp. 5-th) root of unity which is 
equal to q 10 (resp. (^/q) 15 , resp. g 6 ) in k. The planar embedded Brauer tree of 
the principal /'-block is given by Fig. 4. 

Remark 3.14. (Communicated by David Craven) From the Coxeter case in E7 
one can also deduce the Brauer trees of the principal Ois-block of E$ and its 
Alvis-Curtis dual. Assume q has order 18 modulo £. Then there exists an in- 
stable parabolic subgroup P = LU of G with F-stable Levi complement L such 
that £ \ [G : L] (take L to be the centraliser of a Ois-torus). Let c (resp. b) 
be the principal /'-block of L (resp. G). Then b(OG/U)c is a finitely generated 
(bOG ,cOL)-bimodu\e that is projective as a &(9G-module and as a right cOL- 
module. Moreover one can check that the functor b(KG/U)c ®kl - induces a 
bijection between the irreducible characters in c and b. By [4, Theoreme 0.2], 
we deduce that the functor bOGIU c%ql ~ induces a Morita equivalence between 
cOL and bOG. In particular we obtain the planar embedded Brauer tree of the 
principal Ois-block of Eg from the tree of the principal Ois-block of £7. The 
same argument applies to the /-block of G containing the Steinberg character. 




Figure 3: Brauer tree of the principal Ois-block of Ej 




Figure 4: Brauer tree of the principal <J>3o-block of E 8 
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